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I. INTRODUCTION 
Let G be a finite group and e be a positive integer. Let L,(G) = 
{xtzGIxe= l}. Th en by a theorem of Frobenius one knows that 
IL,(G)1 = c,e for some integer c, if e divides 1 GI. Frobenius conjectured 
that L,(G) forms a subgroup of G provided (L,(G)I = e. Zemlin [12] has 
reduced the conjecture to the case that G is non-abelian simple (see also 
Murai [6]). We may then assume that G is isomorphic to one of the 
following (see Gorenstein [4] ): 
(i) an alternating group A, (n Z 5), 
(ii) a simple group of Lie type, 
(iii) one of the 26 sporadic simple groups. 
The conjecture has been verified by Rust [7] and Yamaki [ 10, 111 for the 
alternating groups, the sporadic simple groups, and some of the simple 
groups of Lie type. 
The purpose of this paper is to prove the following: 
THEOREM. The conjecture of Frobenius is true for the following simple 
groups of Lie type: 
E,(q), 
2&(q )Y 
E,(q), 
3o4(q). 
For the notation of finite simple groups the reader is referred to [4]. 
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Remark. E,(q) will be studied in a subsequent paper since a in Table I 
is not constant. We are trying to verify the conjecture for the orthogonal 
groups. The conjecture seems to be very close to the end. 
II. PRELIMINARY LEMMAS 
LEMMA 2.1 (Fenchel [3], Murai ES]). Let G be a finite group and 
e= (L,(G)J. Assume that e divides IGI. If p is a prime divisor of e and IGl/e, 
then Sylow p-subgroups of G are cyclic, generalized quaternion, dihedral, or 
quasi-dihedral. 
ProoJ: See [3, 63. 
The next lemma is due to Rust [7]. We will give the proof for con- 
venience and importance. 
LEMMA 2.2 (Rust [7]). Let G be a finite simple group and S be a 
nilpotent Hall n-subgroup of G. Suppose that S is disjoint from its conjugate 
and C,(x) is contained in SC,(S) for all x in S’. If e is minimal such that 
e = IL,(G)1 divides JGJ and e > 1, then ISI divides either e or IGl/e. 
Proof: Let H = SC,(S). Then S is a direct factor of H. Let f (j, X) = 
ILj(X)l for a subset X of G. It follows that f(ab, H)= f(a, H) f(b, H) for 
a E rr and b E rc(G) - rr. By our assumption 
f(ab, G) -f(b, G) = (G: No(S))(f(ab, H) -f(b, H)). 
Thus for a 1, a2 in rt we have 
(f(a,b, G)-a,b)-(f(a,b, G)-a,b) 
=b(a2 -a~)+ (G: No(S))f(b, H)(f(a,, H)-f(a,, H)). 
Assume that p divides e and 1 Gl/e for some prime p E K. If p = 2, then the 
centralizers of involutions are 2-closed and Sylow 2-subgroups have trivial 
intersection properties. By Lemma 2.1 G is L,(4), a contradiction (see 
Gorenstein [4]). It follows that p is odd and Sylow p-subgroups of G are 
cyclic by Lemma 2.1. Let e = ele2 where e2 is the It-part of e and e2 = pde3, 
(p, e3) = 1. Note that f(p’, H) = pd and f(pd-‘, H) =pd- ‘. By the 
minimality of e 
0 > (fk G) - e) - (f (e/p, G) - e/p) 
=(pd-pd-‘)((G:No(S))f(el,H)f(eJ,H)-e,e,). 
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On the other hand we have 
0 < (f(ep, G) - ep) - (f(e, G) - e) 
= (pd+ 1 - pd)((G: NdS))f(e,, HI f(e3, H) - eled 
This is impossible. It follows that if p is in R, then p divides e or p divides 
IGl/e and only one of them happens. Let p and r be in rr, IG(, = pd and 
/Cl, = rc. Assume that p divides e and r does not divide e. Let e = e, e2 and 
e2 = e3 pd as above. By the minimality of e we have 
0 > (f(e, G) -e) - (f(e/p”, G) - e/p”) 
= (pd- l)((G: N,(S))f(e,, fQf(e,, W-e,e~). 
On the other hand 
0 G (f(er’, G) - er’) - (f(e, G) - e) 
= (pdrc - pd)((G: Nc(S))f(eIY H)f(e3, W - e1e3). 
This is impossible. Now if p divides e, then r divides e. The proof is com- 
plete. 
LEMMA 2.3 (Burnside). Let G be a finite group and P be a Sylow 
p-subgroup of G. Assume that (PI = p and G contains exactly (GJ/p p-regular 
elements. Then G has a normal p-complement. 
Proof: Straightforward. 
III. PROOF OF THEOREM 
The orders of finite simple groups we study are 
13~,(q)l=q’2(q2-q+1)2(q2+q+1)*(q*-1)*(q4-q*+1), 
IEs(4)l=412(49-l)(q5-1) I~4bdl(3,q-l)-‘, 
12E6(4)l=912(q9+l)(q5+1) I~4(qW,q+l)-‘, 
I&(q)1 = q96(q30 - 1 )(q24 - 1 h20 - 1 w4 - 1 )(ql* + q6 + 1) IF,(q)l, 
where 
IF,(q)1 =q24(q2- 1)4 (q2+ l)* (q2+q+ I)* (42-q+ l)* 
x (q4+ l)(q4-q*+ 1). 
Let G be one of the groups in our theorem. 
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LEMMA 3.1. (i) Let p be a prime divisor of (q6 - 1) d where d= 1 $ G is 
3D,(q) and d= q* + 1 if G is not 3D,(q). Then Sylow p-subgroups of G con- 
tain Z, x Z,. 
(ii) lfe= (L,(G)1 and e divides IG(, then e=O(IGI,,) or (e, ICI,)= 1 
for a prime p in (i). 
(iii) Ife= IL,(G)/ and e divides ICI, then erO(IGI,) or (e, ICI,)= 1. 
Proof: (i) See [2, 5, 81. 
(ii), (iii) The results follow from Lemma 2.1 since unipotent sub- 
groups of G and Sylow 2-subgroups of G are not isomorphic to the groups 
in Lemma 2.1 (see also [4] ). 
In the following argument we assume that e = IL,(G)1 is minimal such 
that e > 1 and e divides I Cl. We will prove e = 1 Cl. This verities the conjec- 
ture for G. It follows from [2, 5, S] that G contains subgroups S satisfying 
the condition of Lemma 2.2 (see also [l, 91). Such subgroups are given in 
Table I which is self-explanatory. Lemma 2.2 yields 
e=O(ISI) or (e, ISI)= 1. 
In Table I the fourth column denotes a positive integer a such that 
e> ICI/a when e-O(ISI). 
TABLE I 
G ISI (N,(S): C,(S)) a 
‘Ddq) q4 - q2 + 1 4 5 
9 10 
E,(q) (q4+q3+qZ+q+ I)($ q- I)-’ 
10 
q4-q2+ 1 12 
w+ lW,q- l)r’ 8 
*&(q) 
(q6-q3+l)(3,q+1)m1 9 10 
(q4-q3+qz-q+ 1)(5, q+ 1)-l 10 
q4-q2+ 1 12 
w+lN2,4--1)-1 8 
J%(q) 
@+q’-q5-q4-qj+q+l 
q*-q7+qS-q4+q3-q+ 1 
q*-q4+ I 
q*-q6+q4-q2+1 ifq=0,1,4(5) 
(q*-q6+q4-q*+ 1)/S if q=2,3(5) 
(q6+qZ+q4+q3+qZ+q+1)(7,q-l)-’ 
(q6-qx+q4-q3+qz-q+1)(7,q+1)m’ 
30 31 
30 
12 
30 
30 
14 
14 - 
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Let S be a subgroup of G of Table I for which a is given in the fourth 
column. 
Case 1. e=O(lSI). For x~S” we have 
It follows from Lemmas 2.1 and 3.1 that (lGl/e, 30) = 1. Table I and Lem- 
mas 2.2 and 2.3 yield e= IGl. 
Case 2. (e, ISI ) = 1. It follows that e divides (G: S). Since the number of 
unipotent elements of G is (IGl,)‘, Lemma 3.1 implies that (e, q) = 1. As 
(G: S) < WI,)‘, e divides (G: S)( lGI,)-’ and L,(G) contains only semi- 
simple elements. It follows that 
the degree of (G: S)(\Gl,))‘= 12 if G is 3D4(q), 
= 36 if G is E,(q) or ‘E,(q), 
= 120 if G is E,(q). 
Let x be a non-regular semi-simple element in G. Then C,(x) = AT where 
A is semi-simple and T is a torus. 1 TI is a polynomial of q of degree at most 
the rank of G. The groups A and T are given in [Z, 5, S]. It follows from 
[S] that e = 1 for 3D4(q). Assume that G is E,(q) or 2E,(q). Note that if 
f(q) is the order of a maximal torus of E,(q), thenf( -4) is that of 2E6(q). 
Let S, be a cyclic subgroup of order q4 - q2 + 1 and S, be a cyclic sub- 
group of order (q4 + 1)(2, q - 1) - ’ in Table I. Then for any xi E SF and 
x2 E S,# we have by [S] 
lCG(XI)I=(q2+q+1)lS11(3,q-1)-’ if G is E,(q), 
=(q2-q+ l)lS,lU, q+ w’ if G is 2E6(q), 
Ic,(~2)l=(q2--1)l~21(2~~-1)(3~4-~)~1 if G is E,(q), 
=(q2-1)IS21(2,q-1)(3,q+1)-’ if G is ‘E,(q). 
It follows that (e, ISi1 l&l) = 1 and hence the degree of (G: C,(x)) must be 
less than 29 for any semi-simple element x E G# . Mizuno [S] yields e = 1. 
Finally, assume that G is E,(q). As e divides (G: S)(lGl,))‘, Table I 
implies that e divides the polynomial of q of degree at most 104. Deriziotis 
[2] yields e = 1. This is a contradiction since we are assuming that 
e = IL,(G)\ is greater than 1. 
The proof of our theorem is complete. 
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